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Periodic oscillatory solution of bidirectional associative memory networks with delays
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Periodic oscillatory phenomena of bidirectional associative men®AM) networks with axonal signal
transmission delays are investigated by constructing suitable Lyapunov functionals and some analysis tech-
nigues. Some simple sufficient conditions are derived ensuring the existence and uniqueness of periodic
oscillatory solutions of the BAM with delays, and all other solutions of the BAM converge exponentially to a
periodic oscillatory solution. These conditions are presented in terms of system parameters, and have an
important leading significance in the design and applications of periodic oscillatory neural circuits for the BAM
with delays.

PACS numbd(s): 84.35+i

I. INTRODUCTION II. PERIODIC OSCILLATORY SOLUTIONS OF THE BAM
WITH DELAYS

Recently, a class of two-layer heteroassociative networks
called bidirectional associative memofBAM) networks
with and without axonal signal transmission delays was pro
posed in Refs[1-5|, and has been used to obtain important
advances in many fields such as pattern recognition and au- p
tomatic control. It is well known that the collective compu- x; (t) = —aixi(t)+z w;iSj(yj(t— 7))+ 1 (1),
tational capabilities of networkisuch as optimization, asso- =1
ciative memory, and oscillatigndepend on the dynamic =12,...n 1)
behavior of certain neural networks. There has been a steady
increase in interest in the potential applications of the dy- .
namics of artificial neural networks in signal and image pro-Yj ()= _biyj(t)J’iZ1 ViiSi(i(t— o)) +15(t),
cessing. The stability of bidirectional associative memory

In this paper, we consider the periodic oscillatory solu-
tions of BAM networks with delays described by differential
equations with delays:

neural networks without and with delays has been studied i=12,....p (2
(we refer to Refs[1-9] and the references cited thergin _
Moreover, studies on neural dynamical systems not only inin - which  x=[X1,%,, ... X,]" € R"Yy=[y1,Y2, ... Ypl"

volve a discussion of stability properties, but also involve € R, anda; b, 7;;, andoy; are nonnegative constants. The
many dynamic behaviors such as periodic oscillatory behavsignal functionss; possess the following properties:

ior, bifurcation, and chaos. In many applications, the proper- Hypothesis 1s; is bounded orR;

ties of periodic oscillatory solutions are of great interest. For Hypothesis 2. There is a numbgr>0 such thats;(u)
example, the human brain is in periodic oscillatory or chaos™Si(V)|<uilu=v| for anyu,veR. .

states, hence it is of prime importance to study periodic os- 11me delaysr;; andor; correspond to a finite speed of the
cillatory and chaos phenomena of neural networks. To théxonal  signal  transmission; 7= m?xlﬁiénvliifp(ﬁi)*‘_f
best of our knowledge, few authors have considered periodic?maxlgisnylgigp(aii); fmd th_e external inputs :R —R, 1
oscillatory solutions for BAM networks with delays. In this — 1.’2’ oo ar)de :R. —R, J :1’2.' - - - p are continuously
paper, we shall give some simple sufficient conditions for thepe”c’d'C functions with periodv, i.e., Ii(t+w)=1;(t),J;(t

existence and uniqueness of periodic oscillatory solutions oﬁo‘;g?ﬁigga é'; \?vri]tﬁk;?(c():llwrglu IstiI?E:igizmgs?;r?ﬁgaeiucin
BAM networks with delays by constructing a suitable 9 Y

Lyapunov functional and some analysis techniques; all othetrie seen in Refs}5,9] [here a;=1/(RiC;),b; = 1/(R,C). I

. . = =1i(1), andJ.=J;(t), i=1,2,...nandj=1,2,...p].
solutions of the BAM converge exponentially to the periodic ! g .
. : . . - Theorem 1For the BAM equation$l) and(2), suppose
oscillatory solution. These possess an important leading Sigr ot the output functions; sa?isfy Hyfagthese(si) anF()JIp(Z)
nificance in the design and applications of periodic oscilla- !

tory BAM with delays, and are of great interest in many ibove, and tha_t_there exist constanis>0,An.;>0 (i
applications. =1,2,...nandj=1,2,... p) such that

p

—\ia;+ NnsimilVvii| <O, 1=1,2,...n
*Electronic address: jdcao@ynu.edu.cn " 121 nﬂ'u" ”l
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and

n

_)\n+jbj+i21 Nimjlw;i|<0, j=12,...p,

in which u; are constant numbers of Hypotheg above.
Then there exists exactly one-periodic solution of BAM
equationg1) and(2), and all other solutions of BAM equa-
tions (1) and(2) converge exponentially to it a&s— + .
Proof. Let C=C(({-7%), R"*P) be the Banach space
of continuous functions which mag ;%) into R™*P with
the topology of uniform convergence. For ar‘f)i)(e C, we

('lx)
y

in which

sup |‘Px(0)|+ sup |<Py(0)|’

‘ —7<6<0 —o<=6<0

n p
|<px<0>|=§l |<pxi(6)|,lcpy<0>|=§1 leyi(O)].

For all (ix),(ix) e C, we denote the solutions of BAM equa-
y y
tions (1) and (2) through((5),(£*)) and ((8),(1*)) as
y y

X(tlQDX):(Xl(t!(PX)!XZ(tlQDX)l e !Xn(tr(Px))T!y(tl(Py)
=(y1(t1¢y)vY2(t1€0y)a e 1yp(t1¢y))Ty
X(t, ) = (Xa(t, 1) Xa(t,10), - Xnlt,50)T,  and
y(t!{rlly)Z(yl(tv'r//y)!yZ(ti'le)! e !yp(tll//y))Ta
respectively.
Define

Xi(@y) =X(t+6,0,), 6e[—7,0], t=0,

Yiley) =y(t+0,0)), 6e[—0,0], t=0;

then Ct§‘°x))ec Vv t=0.
t ‘Py)
Thus it follows from BAM equationgl) and(2) that

[Xi(t, ox) = Xi(t, ) 1" = — @i (X (t, o) — Xi(t, )
p
+1,21 wii[s(y;(t— T, ¢y))

=si(yj(t=7ji . ¢y))], (3)

JINDE CAO AND LIN WANG

PRE 61

[yj(tioy) =ity ]’
- _bj(yi(tv¢y)_yj(ta¢y))

+i21 Vij[si(xi(t—oij , o)) —si(X(t—0ij , 1))
(4)

for t=0, wherei=1,2,... pandj=1,2,... p. Since

p
_)\iai+j21 )\n+jMi|vij|<01 i:1,2,...n

and

n

_)\n+jbj+i21 Nipjlwii|<0, j=1,2,...p,

we can choose a smail>0 such that

p
)\i(s—ai)—ke“’;l )\n+j/~Li|Vij|<0: i:1,2,...n

and

n
)\n+j(8_bj)+e87i21 )\|MJ|WJ||<0, J:1,2,p

We consider the Lyapunov functional

Xi(t, x) = Xi(t, ) [ €

V<t)=§1 A
Prt
+j§::1 ftTji|Wji||Sj(yj(sv(Py))

—si(yj(s,4y))|e**7ids ly;i(t,¢y)

P
+2 )\n+j
=1

t
Ivij|[si(xi(s,0x))

—0jj

—y,-(t.wy>|e“+i§1 ft

—si(xi(s, )€ 7id s} :

Calculating the upper right Dini derivativié "V of V along
the solution of Eqs(3) and(4), we have
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n

DV(t)|(3)-(a)= I:El A

p
D" (Ixi(t, ) —Xi(t, ¢x)|egt)|(3)+§l [wi|]s;(y;(t, @) —S;(;(t, ghy))| € 7it)

p

+E )\n+j
i=1

D (lyj(t,@y) —yi(t,¥y)|€°Y)] (4

p
_121 Iwjil[sj(y;(t= i, @y)) = S (Y (t— 7} , thy)) | e

+i21 |Vij||si(xi(tv¢x))_Si(xi(tvl//x))|e8(t+0ij)_zl Vi l|si(xi(t = o, @) — Si (Xi(t— 0y L ) ) €

n p
=2\ (s—ai>|xi(t,<px)—xi<t,wx)le*>‘+e“e‘”§l Iw,-i|Isj(yj<t,<py))—sj(yju,wy))l}
n
+2 )\n+] |yj(t @y) yj(t ¢y)|e8t+e8te802 |V|]||S(X (t,ox) —si(xi(t, wx))@
n p p
Z (e—a)+e’ 2 )\n+]M||V|J| |X(t @x) —Xi(t, ‘/’x)|+e€t2 n+j(8_bj)
n
~|—e”i§1 Niwilwiil [lyj(t oy) =yt iy
<0,
and so
V(t)=<V(0), t=0,
since
n p
eSt( min )\I)(IEI |Xi(t1¢x)_xi(tiwx)|+j21 |yj(t!()oy)_yj(t!¢y)|) sV(t), t=0,
1<isn+p = =
V(0)= E A |(PXI ‘/IX||+E |Wji||Sj(yj(sv¢y))_Sj(yj(sa¢y))|e8(s+rji)ds
-7
P 0
+j217\n+j |¢yj_¢yj|+izlj |Vii||Si(xi(S:(Px))_Si(Xi(Siwx))|es(s+gij)d3}
= = - 0jj
p n
<| max\;+ maX(M.)G”ffE N+ Max Vil ||l @x— dl|+| maxhn o+ max(u; )e”fz Ni max | Wi {[[oy— .
1<|<n 1<|<n 1<|<n 1<]<p l<]<p = 1<]<p
[
Then it easily follows that Thus

n P X @) = Xe (Pl |<ke™ ([l ex— il 1+l 0y — ),
21 |Xi(t, @) = Xi(t, ) |+ '21 lyj(t,@y) —yj(t, )]
. = ”yt(‘Py)_yt(wy)||$keis(tia)(”¢x_¢x||+”‘Py_'/’y||)

<k(|lex— |+l oy— gyl e
(o=l lley= vyl for t=0. We can choose a positive integarsuch that

for all t=0, wherek=1 is a constant. Hence we have 1 1
ke—s(mw—r)g - ke—s(mw—(r)s -

4’ 4’

n
2 |Xi(ta(Px)_Xi(ta‘//x)|$k(”§0x_ ¢x||+”‘Py_'//y||)e78ty ) ) )
i=1 Now define a Poincare mappiigfC—C by

( Xw( (Px)
Yole@y) )

p ®x
3, Iyt it )=kl sl I+l o= lhe p(@y _
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Then we can derive from BAM equatiori$) and(2) that other solutions of BAM equation€l) and (2) converge ex-

ponentially to it ag— + o,
_ Pm = _
Py ‘r/fy Py (//y

2
This implies thatP™ is a contraction mapping; hence there
* *

‘. Applying theorem 1 above, we easily prove the following
theorem.
Theorem 2 For the BAM equationgl) and(2), suppose
_ _ . e . that the outputs functions; satisfy Hypothese¢l) and (2)
exists a unique fixed point qj{) e C such that Pm(q’i) above, and
y y

Pm

:(<p§ _ p n
¢ _ai+2 wmilvij| <0, _bj+2 il wji| <0,
Note that =1 =1
(P: (ID: (P: i:1,2,...n, j:1,2,...p
PYM P L] |=PIP" ,]||=P| , _ _ _
Py Py Py in which u; is constant numbers of Hypothesgs above.

Then there exists exactly one-periodic solution of BAM

This shows thaP(“%) e C is also a fixed point oP™, and so ~ €quationg1) and(2), and all other solutions of BAM equa-
?y tions (1) and (2) converge exponentially to it as— + oo,

* *
P(™)=("), i.e.,
oy’ ey IIl. CONCLUSIONS

*

Xo(@%) ©x In this paper, we have presented some simple sufficient
(o*) * conditions in term of systems parameters for periodic oscil-
Yol®y Py latory solutions of BAM equationgl) and (2) with delays,
X(t,0¥) ) which all other solutions of the BAM converge exponentially
Jt.ot)) D€ the solution of Eqs(1) and (2) through o ast— +. The conditions possess highly important sig-
on ot Y (t+we¥) . _ nificance in some applied fields; for instance, they can be
((0),(x)) then (" %)) is also a solution of BAM equa-  applied to design a globally, exponentially periodic, oscilla-
tions({) and (2). Obv{ously, tory BAM, and easily checked in practice by simple alge-
braic methods. These play an important role in the design

Let (

Xes o @F) XX, (0F)) X(@¥) and applications of BAM. In addition, the methods of this
= | = . paper may be extended to study some other systems such as
Yiral®y) Yilyuley)))  \yi(ey) cellular neural networks with delays and Hopfield neural net-
for t=0: hence works, and so on; see Refsl0-20. _The dlscuss!on_ pre-
sented here assumes a constant signal transmission delay.
X(t+w,0}) X(t, %) More general results related to the case of time-varying delay
i ): i _ will be reported later.
y(t+o,¢7) y(t,ey)
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