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Periodic oscillatory solution of bidirectional associative memory networks with delays
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Periodic oscillatory phenomena of bidirectional associative memory~BAM ! networks with axonal signal
transmission delays are investigated by constructing suitable Lyapunov functionals and some analysis tech-
niques. Some simple sufficient conditions are derived ensuring the existence and uniqueness of periodic
oscillatory solutions of the BAM with delays, and all other solutions of the BAM converge exponentially to a
periodic oscillatory solution. These conditions are presented in terms of system parameters, and have an
important leading significance in the design and applications of periodic oscillatory neural circuits for the BAM
with delays.

PACS number~s!: 84.35.1i
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I. INTRODUCTION

Recently, a class of two-layer heteroassociative netwo
called bidirectional associative memory~BAM ! networks
with and without axonal signal transmission delays was p
posed in Refs.@1–5#, and has been used to obtain importa
advances in many fields such as pattern recognition and
tomatic control. It is well known that the collective comp
tational capabilities of networks~such as optimization, asso
ciative memory, and oscillation! depend on the dynami
behavior of certain neural networks. There has been a ste
increase in interest in the potential applications of the
namics of artificial neural networks in signal and image p
cessing. The stability of bidirectional associative memo
neural networks without and with delays has been stud
~we refer to Refs.@1–9# and the references cited therein!.
Moreover, studies on neural dynamical systems not only
volve a discussion of stability properties, but also invol
many dynamic behaviors such as periodic oscillatory beh
ior, bifurcation, and chaos. In many applications, the prop
ties of periodic oscillatory solutions are of great interest. F
example, the human brain is in periodic oscillatory or cha
states, hence it is of prime importance to study periodic
cillatory and chaos phenomena of neural networks. To
best of our knowledge, few authors have considered perio
oscillatory solutions for BAM networks with delays. In th
paper, we shall give some simple sufficient conditions for
existence and uniqueness of periodic oscillatory solution
BAM networks with delays by constructing a suitab
Lyapunov functional and some analysis techniques; all o
solutions of the BAM converge exponentially to the period
oscillatory solution. These possess an important leading
nificance in the design and applications of periodic osci
tory BAM with delays, and are of great interest in ma
applications.
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II. PERIODIC OSCILLATORY SOLUTIONS OF THE BAM
WITH DELAYS

In this paper, we consider the periodic oscillatory so
tions of BAM networks with delays described by differenti
equations with delays:

xi8~ t !52aixi~ t !1(
j 51

p

wji sj„yj~ t2t j i !…1I i~ t !,i

51,2, . . . ,n ~1!

yj8~ t !52bjyj~ t !1(
i 51

n

v i j si„xi~ t2s i j !…1I j~ t !,

j 51,2,. . . ,p ~2!

in which x5@x1 ,x2 , . . . ,xn#TPRn,y5@y1 ,y2 , . . . ,yp#T

PRp, andai ,bj ,t i j , ands i j are nonnegative constants. Th
signal functionssi possess the following properties:

Hypothesis 1.si is bounded onR;
Hypothesis 2. There is a numberm i.0 such thatusi(u)

2si(v)u<m i uu2vu for any u,vPR.
Time delayst j i ands i j correspond to a finite speed of th

axonal signal transmission; t5max1<i<n,1<j<p(tji),s
5max1<i<n,1<j<p(sij); and the external inputsI i :R1→R, i
51,2, . . . ,n andJj :R1→R, j 51,2, . . . ,p are continuously
periodic functions with periodv, i.e., I i(t1v)5I i(t),Jj (t
1v)5Jj (t). An analog circuit implementing of BAM equa
tions ~1! and ~2! with axonal signal transmission delays ca
be seen in Refs.@5,9# @here ai51/(RiCi),bj51/(RjCj ),I i
5I i(t), andJj5Jj (t), i 51,2, . . . ,n and j 51,2, . . . ,p].

Theorem 1. For the BAM equations~1! and ~2!, suppose
that the output functionssi satisfy Hypotheses~1! and ~2!
above, and that there exist constantsl i.0,ln1 j.0 (i
51,2, . . . ,n and j 51,2, . . . ,p) such that

2l iai1(
j 51

p

ln1 jm i uv i j u,0, i 51,2, . . . ,n
1825 ©2000 The American Physical Society
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and

2ln1 jbj1(
i 51

n

l im j uwji u,0, j 51,2, . . . ,p,

in which m j are constant numbers of Hypothesis~2! above.
Then there exists exactly onev-periodic solution of BAM
equations~1! and ~2!, and all other solutions of BAM equa
tions ~1! and ~2! converge exponentially to it ast→1`.

Proof. Let C5C„( [ 2s,0]
[ 2t,0] ), Rn1p

… be the Banach spac
of continuous functions which map ([ 2s,0]

[ 2t,0] ) into Rn1p with
the topology of uniform convergence. For any (wy

wx)PC, we

define

UUS wx

wy
D UU5 sup

2t<u<0
uwx~u!u1 sup

2s<u<0
uwy~u!u,

in which

uwx~u!u5(
i 51

n

uwxi~u!u,uwy~u!u5(
i 51

p

uwyi~u!u.

For all (wy

wx),(cy

cx)PC, we denote the solutions of BAM equa

tions ~1! and ~2! through„(0
0),(wy

wx)… and„(0
0),(cy

cx)… as

x~ t,wx!5„x1~ t,wx!,x2~ t,wx!, . . . ,xn~ t,wx!…
T,y~ t,wy!

5„y1~ t,wy!,y2~ t,wy!, . . . ,yp~ t,wy!…T,

x~ t,cx!5„x1~ t,cx!,x2~ t,cx!, . . . ,xn~ t,cx!…
T, and

y~ t,cy!5„y1~ t,cy!,y2~ t,cy!, . . . ,yp~ t,cy!…T,

respectively.
Define

xt~wx!5x~ t1u,wx!, uP@2t,0#, t>0,

yt~wy!5y~ t1u,wy!, uP@2s,0#, t>0;

then (yt(wy)
xt(wx) )PC ; t>0.

Thus it follows from BAM equations~1! and ~2! that

@xi~ t,wx!2xi~ t,cx!#852ai„xi~ t,wx!2xi~ t,cx!…

1(
j 51

p

wji @sj„yj~ t2t j i ,wy!…

2sj„yj~ t2t j i ,cy!…#, ~3!
@yj~ t,wy!2yj~ t,cy!#8

52bj„yj~ t,wy!2yj~ t,cy!…

1(
i 51

n

v i j @si„xi~ t2s i j ,wx!…2si„xi~ t2s i j ,cx!…#

~4!

for t>0, wherei 51,2, . . . ,n and j 51,2, . . . ,p. Since

2l iai1(
j 51

p

ln1 jm i uv i j u,0, i 51,2, . . . ,n

and

2ln1 jbj1(
i 51

n

l im j uwji u,0, j 51,2, . . . ,p,

we can choose a small«.0 such that

l i~«2ai !1e«s(
j 51

p

ln1 jm i uv i j u,0, i 51,2, . . . ,n

and

ln1 j~«2bj !1e«t(
i 51

n

l im j uwji u,0, j 51,2, . . . ,p.

We consider the Lyapunov functional

V~ t !5(
i 51

n

l iF uxi~ t,wx!2xi~ t,cx!ue«t

1(
j 51

p E
t2t j i

t

uwji uusj„yj~s,wy!…

2sj„yj~s,cy!…ue«(s1t j i )dsG1(
j 51

p

ln1 jF uyj~ t,wy!

2yj~ t,cy!ue«t1(
i 51

n E
t2s i j

t

uv i j uusi„xi~s,wx!…

2si„xi~s,cx!…ue«(s1s i j )dsG .

Calculating the upper right Dini derivativeD1V of V along
the solution of Eqs.~3! and ~4!, we have
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D1V~ t !u(3)2(4)5(
i 51

n

l iFD1
„uxi~ t,wx!2xi~ t,cx!ue«t

…u(3)1(
j 51

p

uwji uusj„yj~ t,wy!…2sj„yj~ t,cy!…ue«(t1t j i )

2(
j 51

p

uwji uusj„yj~ t2t j i ,wy!…2sj„yj~ t2t j i ,cy!…ue«tG1(
j 51

p

ln1 jFD1
„uyj~ t,wy!2yj~ t,cy!ue«t

…u(4)

1(
i 51

n

uv i j uusi„xi~ t,wx!…2si„xi~ t,cx!…ue«(t1s i j )2(
i 51

n

uv i j uusi„xi~ t2s i j ,wx!…2si„xi~ t2s i j ,cx!…ue«tG
<(

i 51

n

l iF ~«2ai !uxi~ t,wx!2xi~ t,cx!ue«t1e«te«t(
j 51

p

uwji uusj„yj~ t,wy!…2sj„yj~ t,cy!…uG
1(

j 51

p

ln1 jF ~«2bj !uyj~ t,wy!2yj~ t,cy!ue«t1e«te«s(
i 51

n

uv i j uusi„xi~ t,wx!…2si„xi~ t,cx!…uG
<e«t(

i 51

n Fl i~«2ai !1e«s(
j 51

p

ln1 jm i uv i j uG uxi~ t,wx!2xi~ t,cx!u1e«t(
j 51

p Fln1 j~«2bj !

1e«t(
i 51

n

l im j uwji uG uyj~ t,wy!2yj~ t,cy!u

<0,

and so

V~ t !<V~0!, t>0,

since

e«t~ min
1< i<n1p

l i !S (
i 51

n

uxi~ t,wx!2xi~ t,cx!u1(
j 51

p

uyj~ t,wy!2yj~ t,cy!u D<V~ t !, t>0,

V~0!5(
i 51

n

l iF uwxi2cxiu1(
j 51

p E
2t j i

0

uwji uusj„yj~s,wy!…2sj„yj~s,cy!…ue«(s1t j i )dsG
1(

j 51

p

ln1 jF uwy j2cy ju1(
i 51

n E
2s i j

0

uv i j uusi„xi~s,wx!…2si„xi~s,cx!…ue«(s1s i j )dsG
<F max

1< i<n
l i1 max

1< i<n
~m i !e

«ss(
j 51

p

ln1 j max
1< i<n

uv i j uG zuwx2cxuz1F max
1< j <p

ln1p1 max
1< j <p

~m j !e
«tt(

i 51

n

l i max
1< j <p

uwji uG zuwy2cyuz.
Then it easily follows that

(
i 51

n

uxi~ t,wx!2xi~ t,cx!u1(
j 51

p

uyj~ t,wy!2yj~ t,cy!u

<k~ zuwx2cxuz1 zuwy2cyuz!e2«t

for all t>0, wherek>1 is a constant. Hence we have

(
i 51

n

uxi~ t,wx!2xi~ t,cx!u<k~ zuwx2cxuz1 zuwy2cyuz!e2«t,

(
j 51

p

uyj~ t,wy!2yj~ t,cy!u<k~ zuwx2cxuz1 zuwy2cyuz!e2«t.
Thus

zuxt~wx!2xt~cx!uz<ke2«(t2t)~ zuwx2cxuz1 zuwy2cyzu!,

zuyt~wy!2yt~cy!uz<ke2«(t2s)~ zuwx2cxuz1 zuwy2cyuz!

for t>0. We can choose a positive integerm such that

ke2«(mv2t)<
1

4
, ke2«(mv2s)<

1

4
.

Now define a Poincare mappingP:C→C by

PS wx

wy
D 5S xv~wx!

yv~wy!
D .
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Then we can derive from BAM equations~1! and ~2! that

UUPmS wx

wy
D 2PmS cx

cy
D UU< 1

2 UUS wx

wy
D 2S cx

cy
D UU.

This implies thatPm is a contraction mapping; hence the

exists a unique fixed point (
w

y*
wx* )PC such that Pm(

w
y*

wx* )

5(
w

y*
wx* ).

Note that

PmS PS wx*

wy*
D D 5PS PmS wx*

wy*
D D 5PS wx*

wy*
D .

This shows thatP(
w

y*
wx* )PC is also a fixed point ofPm, and so

P(
w

y*
wx* )5(

w
y*

wx* ), i.e.,

S xv~wx* !

yv~wy* !
D 5S wx*

wy*
D .

Let (
y(t,w

y* )

x(t,wx* )
) be the solution of Eqs.~1! and ~2! through

„(0
0),(

w
y*

wx* )…; then (
y(t1v,w

y* )

x(t1v,wx* )
) is also a solution of BAM equa

tions ~1! and ~2!. Obviously,

S xt1v~wx* !

yt1v~wy* !
D 5S xt„xv~wx* !…

yt„yv~wy* !…
D 5S xt~wx* !

yt~wy* !
D

for t>0; hence

S x~ t1v,wx* !

y~ t1v,wy* !
D 5S x~ t,wx* !

y~ t,wy* !
D .

This shows that (
y(t,w

y* )

x(t,wx* )
) is exactly onev-periodic solution

of BAM equations~1! and ~2! and it is easy to see that a
ica

ry
other solutions of BAM equations~1! and ~2! converge ex-
ponentially to it ast→1`.

Applying theorem 1 above, we easily prove the followin
theorem.

Theorem 2. For the BAM equations~1! and ~2!, suppose
that the outputs functionssi satisfy Hypotheses~1! and ~2!
above, and

2ai1(
j 51

p

m i uv i j u,0, 2bj1(
i 51

n

m j uwji u,0,

i 51,2, . . . ,n, j 51,2, . . . ,p

in which m j is constant numbers of Hypotheses~2! above.
Then there exists exactly onev-periodic solution of BAM
equations~1! and ~2!, and all other solutions of BAM equa
tions ~1! and ~2! converge exponentially to it ast→1`.

III. CONCLUSIONS

In this paper, we have presented some simple suffic
conditions in term of systems parameters for periodic os
latory solutions of BAM equations~1! and ~2! with delays,
which all other solutions of the BAM converge exponentia
to as t→1`. The conditions possess highly important si
nificance in some applied fields; for instance, they can
applied to design a globally, exponentially periodic, oscil
tory BAM, and easily checked in practice by simple alg
braic methods. These play an important role in the des
and applications of BAM. In addition, the methods of th
paper may be extended to study some other systems su
cellular neural networks with delays and Hopfield neural n
works, and so on; see Refs.@10–20#. The discussion pre-
sented here assumes a constant signal transmission d
More general results related to the case of time-varying de
will be reported later.
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